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An Approximate Solution for Fredholm Integral

Equation of the Second Kind in the Space Ly

0, 2]

with Weight Function P(x)

S. A. Abou Aufand M. E. Nasr

Abstract— In the present paper we study the approximate
solution for Fredholm integral equation of the second kind in the
space L2p(x)]|0,2x] with weight function p (x) > 1 and bounded
almost every where on [0,2]. The technique of this study is based
on linear polynomial operators Un (p: x) which generate good
approximation to the function @ (x) in the space L2p(x)|0,2n],
where the given equation is replaced by Fredholm integral
equation with degenerate kernel. The solution of the new equation
is taken as an approximate solution to the original equation, and
also we give estimates of the errors which arise in this connection.
This approximation is discussed in details for Dirichlet, Vallee-
Poussin, Féjer, Rogozinski and Jackson aperators.

Index Terms— Solution of Fredholm integral equation of the
second kind, Linear polynomial operators, space with weight
function.

L. INTRODUCTION

The approximate solution of linear integral equations
have been studied by many authors in the literature; see
[1], [4], [8]. In this paper, we consider the following
Fredholm integral equation of the second kind,

P ) =f )+ A [T kG ) o)y, ()

in which all functions are 2n-periodic with respect to x
and y, /(x) is in L?',,{,\){O,Zn], X is some complex number
such that 1/& is a regular value of the kernel k(x, y) and
the kernel (x, y) satisfies the following conditions (4%):

i) 4] || & (x,y)”Li =3 (2)
where
” k (x’y)“ L =[ & (x ’-V)“ Bia1=

1

_“)LT LZHP(I )P [k (x0T dxdy ]2 ,

0 :{(x ,¥):0=x,y SZ:I}
i1) the functions;

B s 27 5 o
A(.r):“;”po»){fccr e ] 2, 8(‘:):“ - p(r)[fr(w)]’rﬁ}? )

0

are bounded almost everywhere by the number M,
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ess sup A(x) <M, ess sup B(y) < M.
Instead of equation (1), we solve the following equation

On ()=U, (f 5 x)+4 LZHU,-, [5Gy x|, )y, (4)

the notation J, [% (., ¥) ; x] will mean that the operator
U, acts on k(#, y) as a function of f, and at the same
time, the variable y plays the role of a parameter.

Now, since the functions Un(f; x) and U, [k (., y); x]
are both trigonometric polynomials of order s with
respect to x, the solution p,(x) of equation (4) will also
be trigonometric polynomial of order 5.

More precisely, it is shown in this paper that:

|o-. | 12 < (e, (k)] o0, (gix )| pe G0

where

; 1
(€3] B ,:“ o(x)| L2 :( J-;ﬁp ()| p(x )|2 dx J 2,

II. PRELIMINARIES

The linear polynomial operators U, (g: x) which are
good approximation to the function g(x) in the space
L'?',,[_\) have the form :

Uil )-iﬁ f;’rg(z i, b j(?ﬂg(,\‘ -0, @y, (5)

Vs
where
I " y
U, (x) = > 28 cos (kx ), (6)
k=1
AIE”)are given as constants depending on the linea

method.

We shall recall the most important of these
methods which are essential for our purposes [2], [ 3], [
51,191,

1. Dirichlet method D, (£ x) (the method of partial
sums):

This method is obtained by letting 4" =1, k=1, 2,
- 1, Le., with the help of the Dirichlet kernel
1 & I X
D, (x)=—+ oS (kx ) =[sin (—(2n +1)x )]/[2sin (=],
n (%) =3 AZ] Gox ) =[sin ((2n +1)x))/[ )

2. Féjer method F, (f x) (the method of arithmetic
means):

This method is obtained by letting 4= 1 — (k/n),

k=1,2, ... n, ie., with the help of the Féjer kernel
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n g il
Fo(x) klj . Z [1(k /n) ] cos (kx) =[sin®(mx 12)]/[2sin%(x /2)]). =;';|maXL [02” jj” PEOPONIA(x —5.0)—k (.0 dxdy J 2. (7
5 5

T k=l |t
It is evident that:
3. The method of Vallee-Poussin V,(f; x) is obtained 1- w2 (0) =0, 2~
with the help of the kernel :
1 & 2n f‘)Li ] +I2)£¢’[_i (Il)+(ULi (t2),
Vnlx)= 2 +f§ cos(kx) +k §+l [2 B !n)]cos(kx )= 3- w2 (t) is positive and monotone increasing
= - A

=2, (x)-F, (x). function,
4. The method of Rogosinski R,(f; x) is obtained with  4- w,. (77)=(1+ mw, (¢), for any positive real
the help of the kernel c 7

| =& number #.
R, (x)=—+ Z cos(k r/2n)cos(kx ) =
2 3 Definition 2.
1 The value of the following'norm :
= 5[5111 (7 /2n)cos(nx)]/[cos(x )—cos(x/2n)]. S, (ky=6(k;U,) =H U,k pyhix)=k(x,y )“Ll =
5. The method of Jackson J,(f; x) is obtained with the 1
help of the kf;r:_czl = Ué” Lfﬁp(x YO, k(o Yix )=k (x 1) dxdy :l 2, (8)
J(x)==+ Z . cos(kx ) = will play an important role in estimating the error
k=1 arising from the replacement of equation (1) by
= [3sin® (nx /2)]1/[2n(2n2 +1)sin’ (x /2)], equation (4).

The following theorem provides an estimate of d{k; U,).
where the gy are numbers which we will not write out. RARRRE P stma ( )
Theorem 4.

For any square-summable kernel k(x, y) € L, and for
any linear polynomial operator U,(g; x), we always
have the inequality :

THEOREM 1. [3]

For any kernel k(x, ¥) e L"p[Q], if the linear polynomial
operators U, of order n is defined in L, and if the
function f(x) € L?,, , then

U, [fk(-sy M )y X}= LU, lkGyyc)f 01y, |
Proof. Using Minkowski inequality [9] and equalities
THEOREM 2. [6] (5), (7), we obtain:

Su (k)= Uk oy 2) =k (o) 2 =

&, (k)< 20y (k;ni)jjﬂun O |(n|t|+Dat. (9)

If A and B are two bounded linear operators in Banach
space £, while 4 has an inverse and “B”E ||A’1 ||E <1

3t )=k ey,

then the operator (4 + B) has also an inverse and L,
-1 -1 -1 1
Jinsny, <, /-t ), ool onseosuples -
=— & ) £, y)—kx,y 4 ay =
THEOREM 3. [7] z|?0 70 PO fo Tt —.0)—kC.y
For fix) and k(x, y) belongs to L°, , if ) -
Ak x.3)|,> <1, then the integral equation <2 (k=) [ 7| U, @) | (n]2 |+ Dt
” 7 n
; 27
o0)=f () +A [T k() e(y)dy, Definition 3.
has a unique solution ¢(x) in szm- We define the error of approximation of k(x, y) as
follows:
Ereolk)yz = [t Troteoy)| , =
III. AUXILIARY DEFINITIONS AND R PI e 14
THEOREMS 1
, 2 2 2 2
The discussion in the present paper are stimulated and =~ = “(lf ))[ o Jo TPk () =T, (2, 3)] dxdy} ;
achieved by the following procedure: " £
Definition 1. E g (K )Li = |k (x, )T pm (x,¥) 5 =
The mean-modulus of continuity of the kernel k(x, y) ! ,
; 22, = 2 3
jsl Aefined by s TREai :T H(le )‘)[_{o 0 plx ).’7(}’ Wk (x,y )_lrco‘m (x 5 Y )J dX{.l'y:| s

w:(k:)=w. ()= : . .
e S where 7, (x,y) denotes the trigonometric polynomial

in x of order n of best approximation of k(x, y) in the
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pey) [ -

metric %, Similarly, T. . (x,y)denotes  the

trigonometric polynomial in y of order m of best

approximation of k(x, y) in the metric [,2!,. The estimates

of ~how rapidly the quantities £} (k),. and
o)y

E;’,,, (k),- tend to zero as n —> @, m —» 0 are given in
5

[10], where

Boalhdpn =0 as n —> o, (10)
;

as m —» o

,Lf:_;',;,,,?(!c)Li -0 (11)

Now, we will mention bounds of the norm (8) for
various linear polynomial operators U, .
L. In the case of Jackson’s method [2], [3], [ 9]: U, = J,

1
o(kiJ, )SIZE(ULZ (—) (12)
]
from definition (3), then:
Enenlp <l Cey) 7, Tk Gy dix ]l <
; Lo
<127 w,;» (—1—) -0 as 7 >0 (13)
P on

2. For the Vallee-Poussin’s method [2], [3], [9]:

UI! = Vllﬂ
[ ol
- [o7Vn @) dt e w1436

Considering that the method of Vallee-Poussin’s ¥,

leaves trigonometric polynomials of order n invariant,
i ®

then V', [Tr,wlyhx]= Tu,ao(x ,y)and

a(k;V,)=

e o2 =T ) P e 3T oy 0]

2
»

* 1
SE’L‘DU{)L;’, 4 ;I§”|V” (r)‘ ;

1

{ T PP Ok (x ~1,9) Ty mr,y)szydx}z dt < 6 =66 U0

) 1 2 . ‘
1~|—;j0”|V,? (1) |dt Eplk)p: <

. 1
S25E, (k)2 £29.2327 ;0 =)

(14)

3. In the case of Dirichlet’s method [2], [3], [9] : U, =
D,, by considerations similar to those used in the case
of Vallee-Poussin’s method and after some calculations
we obtain:

* 1
Sk D)@ +Inm)E, ,(k )ff, 21271'(3+11m)a)‘,_?) (T?—) (15)

4. In the case of Rogosinski’s method [2], [3], [9] : U,
= R,, we give two estimates. The first estimate easily
follows from equation (11), we obtain :

3

1
S(k;R,) <(4m+27° +f2_1n2n)sz =) (16)
[

In the second estimate,
we let ' =i /2,

and let ay), b(y) and a; (), by (y)denote the

corresponding  coefficients of Fourier series in the

variable x of the functions k(x, y) and ¥, [ k(., y); x] .

Then, by using the Parseval’s identity

@y 0) W o e

+ 2 [y (0)+by (v)]<
k=1

2
L)z',r plx )l ko(x,y )| dx .

|
b
Therefore,

gl Rif o A b
S+ S Lok 0)+b ()12
k=1

s%“k (x,»)

L,

L

On the other hand, from (14) we have:
O(kiR, )= H kx,y )=V, k(G py x )+ Vo (k(,y)x)-
— R,V (k(y )x )+ RV, —k:x)

<
2=
p

342
bia =
TS E o (k)2 +—n k(e (17)
) ¥
5. Inthe case of Féjer’s method [2], [3], [9] :U, = F,,
by consideration similar to those used in the case of
Rogozinski’s method we fined :

1 .
S(k;Fy) SSE o (k 5 Ll i 4 (x,y)Hsz <

(18)

Now, it i1s clear that o(k,U,) — 0 as n — o for
Jackson’s, Vallee-Poussin’s, Féjer’s and Rogozinski’s
methods for every square integrable periodic function
k(x, y) € L?,. In the case of Dirichlet’s method d(k,D,)

<12(1+1In ”)(U*Li (i—)

= 0asn— »if o (i) =o(U/nn) or £, (k)2 =0
r R p

(1/Inn).

Definition 4.

The following quantities will play an important role in
estimating the error of our approximation:

j(f”fc (o, 0)U, (@0 ) —(¥)])dy ”;? : (19)

m

andy,, =y, (U,;0) =2 1_'/1,'(”)’ £ —1(@)[}-

i=1 e

(20)

where
Ey(9)y; =inf | g(r) =T, ()2

T,(x) 1s a trigonometric polynomial of order n in x, m <
n.

Let us denote by w'g ﬂ(,{,i) (r-non negative
integer,
0 < f = 1) the class of periodic functions of period 2n
possessing the derivatives of order r, which satisfies
Lipschitz condition of order 4 [3], [10] and denote to:

% m
Y (Ui THP (L)) = >~1|1 -atm

sup  E; () <
feWw HYL,) £

1-2{"

szlizr”ﬂ %( (21)

i=1

JSi' P )
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We shall derive from this inequality the following
condition

P Uy THP W =04 sup  [ex)-Uy(@in),: 22)
el "H(LY)

It is clear that

V(D W HP U2 ) =y, Vs W "HP (12 )) =0

forall m < n.

Then condition (22) will be satisfied for all » = 0, 1,

2,

0<p <1 in Dirichlet’s and Valle-Poussin’s methods.
In the case of Féjer's method, condition (22) is valid
only for » = 0, 0 < f# < 1. But in the case of Jackson’s
and Rogozinski’s method, condition (22) shall be valid
if r+p<2.

Theorem 5.

For any square-summable kernel k(x, y) € L?, and for
linear polynomial operator U,(g; x), the following
inequality holds:

& A :ijﬂz”k(x,y)[U” (9.3~ p(y)dy

2
!.}‘,

<

E:D,m (k )L: @(y)-U, (p;y )“Lz A=

I =
1 Jg P (U :qf))“;'ﬂ,')(x Yelx j 4 H k(x,y )n, +Eq  (k )L; } l (23)
{or any positive integer m < n.
Proof. For any function ¢(x)e L%, with Fourier
coefficients ¢; and o, and because of p(x) > 1, the
following inequality holds:

|c,- cos(ix)+d; sin(ix )| =

= inf llﬂf” [@(t)~T;_; (t)]cos(i (x —1))dt| <
T

1
i . & 2r 7 2 _727
Sﬂ7~f‘f}€)Uo p)e)-T; 4 )] a’t‘J .

JZf[cos(i (x —1))
0

1
) ”E 3 .,
p(t) JdtJ SV;E"“-(@"%

1

2

therefore

Hc,— cos (ix )+d; sin(ix )HL; < 2 E;_l{qp)iz (jg”p(x)dx)
» T L8
Letting

m
Toom (x,3) =2, a; (x)cos(iy ) +b; (x)sin(iy),
i=0
k(x,y)— % a; (x)cos (iy ) +b; (x)sin{iy )
i=0

Lk LA
E g (k)2 = mf
Booab,

!2

;
and taking into consideration (20) and using
Bunyakovskii inequality, we obtain :

2
S =Gk Uys0) | Jo & (x5 )= (y ]dy “

72

2
)| 57K GU, (g) =0t Xy | dx}z

2

0 P <

[7aY

_ﬁ”p(x)r nt P)[ﬁ”} ;) =T | [P) Ui )|ty +

1
2 2
ih dx

+

<

J‘;’f (k(x,p) JrT‘f).m (x Y )- k(x,y)) ((ﬁ(}’ )_Uu (piy Ny

ie. gy =
|

<

2 2x 2 2
2 5 2n
"{ Oﬂp(x )T ”E'f )[IOH (k(x,y)+T (x,y)—k(x,p))
o (X ¥

< Egm ()2 |00)=U,1 (9:3)

&

i (1= 2" (¢, cos (iy ) +d, sin(iy ))J dy } ddx }

i=t

2+
L,

i
4 J%ym v, ;(/)}(J‘jﬂp(x Yebx )2 Hk (x,y )”Lg‘ e E:jgm (k )Li }

The of how rapidly the
quantitics £ (k)2 and vy, ({/,; p), tends to zero as m

oM

estimates

— oo, are given in [3], [10].

IV. THE APPROXIMATE SOLUTION

The following theorem shows that for sufficiently good
linear methods U,(g; x), the difference between the
polynomials ¢,(x) and the original solution ¢(x) is
sufficiently small.

Theorem 6.

If the kernel k(x, ) of (1) satisfies the assumptions (4*),
all functions appearing in (1) are 2n — periodic in x and
y, then for any linear polynomial operator U,(g; x), if
I). l Ré(k; U,) < 1 and if equation (1) is replaced by
equation (4), the following inequality holds:

lo)=g, @)z <0+, D] 000) -, (o3 e @9
in which

kiU,
let)-u, w0,
where &(k; U,) and ¢ (k; U,; @) are defined from (8)and
(19) respectively, and R -f(l*%‘/l\ “ Rx,y)

a, (k) =|4|R {o‘m—;uﬂn L/[I--MRJ(I{:U,,)]. (25)

.2 ), where
!
R(x, ) denotes the resolvent of the kernel k(x, y).

Proof. By using equation (1), we represent the salution
@(x) of (4) in the form :

Pn(x)=U,(fx)+ AU, [L)Zﬁ k(Coy)e, () =ely)ldy +
+ [y G Pl )y x } =[0TGy s N, () =00 )ldy +

Uy, L" )+ ifghf"’ ()0 )dy ;x ] =
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Ay Kok 5

2 :
=AL) ULtk Gy x o, () 0 idy +U, (pix),  (26)
whence, it follows that:
ulr )= o) <ALk 3 M () U (50 Yy +, (), (27)

where

gn(x} =Afd" "WUak Gy yx )=k (x,p ey 0 Y=p()dy +

'*ﬂjﬂ ko U (930 ) = (3 ))dy .
Thus, by (8), (9) and (19), we have the estimate

len o, <tAot:0,) low -0 e, +

UCACRES Maim; Uyio) (28)

In view of theorem 2. Equation (27) has a unique
solution given by:

2
Py (X )_U“ ((P;X ) F8n (X ) F’IJ.O ”R (}\T 2V )gn (y)dy
Therefore;

[CASORIRCED IRE e Mz [1 HAR G ] =

=R g, (x )”L; <R |/1|La'(ff Uy )[“@” ) =U, (0] 2 +

HUw @) =) J%Uf U ;wJJ-

Taking into consideration l)] R d(k; U,) <1 and after
some calculations, we obtain:

”@” (x) *Un (5 )“Li <

|4|» [a‘(k SUNU, (950 ) = px )I]L:) +& (ks U, ;co)J
- 1-|A| RSk U,

Therefore;
lete)~p, (x Nz =loto)-U, @;x Wz +len (o)~ (@3 W <

= “(p(x )'“Un (p;x )"Li +

|4 [5(& U U (@ix) - pix Nz +¢ k50, ;QO)J
' [~[2|RS(k;U,)
<(1+a, (k)|e(x)-U, (p;x )”Lz, =

where &, (k) is given by (25). Thus, inequality (24) is
proved.

4 <

V. CONCLUSIONS

In conclusion we note the following statements :
1) It is well-known [5] that one cannot achieve an error
less than that corresponding to the best approximation .
The error estimate in (24) with rate of convergence a,
(k), means that: the rate of convergence of ,(x) to ¢ (x)
Is comparable with the rate of convergence of the best
approximation , which means that the error estimate in
(24) is optimal .
2) Applying theorem 6, and also the corresponding
results from section 3, we obtain the following results:

I) In the case of the application of Dirichlet’s method,
from (15) and (24), we have:

loe) =0, G2 <A +a, )G+ 1n)E @)
» plx
where ELp),: is the best approximation to @(x) by

trigonometric  polynomial and depends on the
smoothness of ¢(x) which in turn depends on the
smoothness of f{x) and A(x, ¥) . As a consequence of
(15), (21), (22), (23) and (23), we obtain the following
estimate for e, (4):

# L
(3+In mE, .,k )"-fm.\» +E, % )Lim

@, (k) <) A|R ;
I-[ARG+Inn)E) (k )2

pix)
122G+ nn)wp: (1/n)+E],, (k)
» ’ i)
1=127| 2R3+ mn)w,. (1/n)

<|A|R

a (k) =0 as n — o for p(x) e £ » M, ) &

L%,[Q] whenever
(uLi (I/n)y=o(/Inn)or E;:’oo(/{ )sz) =0 (l/Inn).
1I) In the case of Vallee-Poisson’s method,

considering (21), (22) and (24), we obtain:

23, .
”__‘)En (Q)Lih ; =

o) -0, @),: <, W
“pix) 3 ¥V

S(ra, (RNRIE, (9)
where by (14)

* a4
25 Enaok)ys Bl

@, (k) <|2|R ;
-4 R@5)E, k)2

then, a, (k) =0 as n —w for p(x) e L2 k(x, ) e
22,[Q]

III) For the methods of Féjer, Jackson and Rogosinski,
the quantity o, (k) in the relation (24) will not tend to
zero for any solution ¢(x), but will tend to zero only
under the condition that "the solution o(x), belongs to
some subclasses
of integrable functions”. Restricting ourselves to the

holder classes W " H ﬂ(Lf,) where 7 is a non-negative

integer and 0 < B < 1, we obtain the following two cases

a) In the case of Fejer’s method; in order to &,
(k)—0 as n— » considering (18), (21) and (22), it is
sufficient that the following conditions be satisfied -

gp(x)ewoﬁﬂ(,cf,(x)) ier=00<g<l, @2 (1/n)=o(1/Inn)

b) For Rogosinski’s and Jackson’s methods; in
order that a, (k)—0 as n— oo, using (12), (17), (21) and
(22), it is then sufficient that the following conditions
be satisfied :

gp(x)eW"Hﬂ(Li(IJ), r g <2,
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